Using a large data set on credit default swaps, we perform a joint analysis of the term structure of interest rates, credit spreads, and liquidity premia. We select reference companies that fall into two broad industry sectors and two broad credit rating classes. Within each sector and credit rating class, we divide the companies into two liquidity groups based on the quote updating frequency. We then study how the term structures of credit default risk premia differ across industry sectors, credit rating classes, and liquidity groups.
The Term Structure of Credit Spreads:
Theory and Evidence on Credit Default Swaps
How to quantify, forecast, and price default risk, and how the default risk interacts with the interest-rate risk in determining the term structure of credit spreads are vitally important for decisions in corporate finance, asset pricing, investment, and risk management. However, data availability has severely hindered the study of default risk. Since defaults are rare events that often lead to termination of the underlying reference entity such as a corporation, researchers need to rely heavily on cross-sectional averages of different entities over a long history to obtain any reasonable estimates of statistical default probabilities. Although corporate bond prices contain useful information on the default probability and the price of default risk, the information is often mingled with the pricing of the underlying interest rate risk and other factors such as liquidity and tax. 1 The recent development in credit derivative securities provides us with an excellent opportunity to better understand the pricing of default risk and the term structure of credit spreads. The most common credit derivative is in the form of a credit default swap (CDS) contract, written on a reference entity such as a sovereign country or a corporate company. According to surveys by the International Swaps and Derivatives Association, Inc., the outstanding notional amount of CDS contracts has reached $3.58 trillion by the end of 2003, surpassing the size of the total equity derivatives market, which stands at $3.44 trillion for the same time period.
A credit default swap is an over-the-counter contract that provides insurance against credit risk. The protection buyer pays a fixed fee or premium, often termed as the "spread," to the seller for a period of time.
If a certain pre-specified credit event occurs, the protection seller pays compensation to the protection buyer.
A credit event can be a bankruptcy of the reference entity, or a default of a bond or other debt issued by the reference entity. If no credit event occurs during the term of the swap, the protection buyer continues to pay 1 Many researchers strive to identify and distinguish the different components of corporate bond yields. Prominent examples include Jones, Mason, and Rosenfeld (1984) , Longstaff and Schwartz (1995) , Duffie and Singleton (1997) , Duffee (1999) , Elton, Gruber, Agrawal, and Mann (2001) , Collin-Dufresne, Goldstein, and Martin (2001) , Delianedis and Geske (2001) , Liu, Longstaff, and Mandell (2000) , Eom, Helwege, and Huang (2003) , Huang and Huang (2003) , Collin-Dufresne, Goldstein, and Helwege (2003) , and Longstaff, Mithal, and Neis (2004) . the premium until maturity. Should a credit event occur at some point before the contract's maturity, the protection seller owes a payment to the buyer of protection, thus insulating the buyer from a financial loss.
CDS contracts can be used as a way to gain exposure to credit risk. Although the risk profile of a CDS is similar to that of a corporate bond of the reference entity, there are several important differences. A CDS does not require an initial funding, which allows leveraged positions. A CDS transaction can be entered where a cash bond of the reference entity at a particular maturity is not available. Furthermore, by entering a CDS contract as a protection seller, an investor can easily create a short position in the reference credit. With all these attributes, CDS contracts can be a great tool for diversifying or hedging an investor's portfolio.
We obtain a large data set on credit default swap spreads. The data set includes daily CDS spread quotes from May 21, 2003 to May 12, 2004 on hundreds of corporate companies and across seven fixed maturities for each company from one to ten years. We select reference companies that fall into two broad industry sectors (financial and non-financial) and two broad credit rating classes (A and BBB). Within each sector and credit rating class, we divide the companies into two liquidity groups based on the quote updating frequency on credit default swap spreads. 2 We also download from Bloomberg the eurodollar libor and swap rates of matching maturities and sample periods.
Equipped with this large data set, we study the dynamics and pricing of default risk and their impacts of the term structure of credit default swap spreads across different industry sectors and credit rating classes. Specifically, through model development and estimation, we address the following fundamental questions regarding default risk and default risk premia:
• It is well known that the term structure of interest rates is governed by multiple factors. How many factors govern the term structure of credit spreads? How these factors interact with the interest-rate factors?
• Unlike the term structure of interest rates that is universal across the whole market, credit risk is individually unique and firm-specific. Credit default swaps have been written on thousands of reference 2 There are a few AA companies and a very limited number of AAA companies but none of those companies satisfies our liquidity classification criterion.
entities. How the default risk dynamics and pricing differ across different industry sectors and credit rating classes?
• Even within the same industry sector and credit rating class, the activities and liquidities of the credit default swap contracts vary dramatically across different reference entities. What causes the liquidity difference and how does the different liquidity affects the pricing of credit default swaps?
To address these questions, we develop a class of dynamic term structure models of interest rate risk, credit risk, and liquidity risk. First, we model the term structure of the benchmark libor and swap rates using two interest-rate factors. Second, we assume that the default arrival intensities at each industry sector and credit rating class are governed by either one or two additional dynamic factors. Furthermore, we allow the interest-rate factors to impact the default risk both dynamically and contemporaneously. We link these factors to the instantaneous benchmark interest rate and credit spread via both an affine and a quadratic specification, and compare their relative performances via estimation. Finally, we use an additional default risk factor and a liquidity risk factor to capture the difference between the credit spreads of the two liquidity groups with each industry sector and credit rating class.
We estimate the models using a three-step procedure. In the first step, we estimate the interest-rate factor dynamics and the instantaneous interest rate function using the benchmark libor and swap rates. In the second step, we take the interest-rate factors extracted from the first step as given, and estimate the default-risk dynamics and the instantaneous credit spread function for each industry sector and credit rating class using the average credit default spreads of the high-liquidity group for that sector and rating class. In the third step, we identify the additional credit risk factor and the liquidity risk factor using the average credit default swap spreads in the low-liquidity group. At each step, we cast the models into a state-space form, obtain efficient forecasts on the conditional mean and variance of observed interest rates and credit default swap spreads using an efficient filtering technique, and build the likelihood function on the forecasting errors of the observed series, assuming that the forecasting errors are normally distributed. We estimate the model parameters by maximizing the likelihood functions.
Comparing the affine and quadratic specifications, we find that the quadratic specifications generate better and more uniform performance across the term structure of interest rates and credit spreads. The interest-rate and credit-risk dynamics are also estimated with more precision under the quadratic specification, an indication of less model mis-specification.
Our estimation shows that one affine default-risk factor can price the moderate-maturity credit default swap spread well, but the performance deteriorates on both ends of the credit spread curve. Two affine default-risk factors can price the whole term structure of credit spreads well. In contrast, under the quadratic specification, one default-risk factor is sufficient to explain over 90 percent of the variation on each of the seven credit spread series for each industry sector and credit rating class. Adding an additional quadratic credit risk factor does not dramatically improve the performance. Hence, with a nonlinear, richer dynamic specification, one default-risk factor can explain the majority of the credit spread variation in the high liquidity group.
Our estimation also shows that firms in different industry sectors and credit rating classes have different default risk dynamics. Nevertheless, in all cases the default risks show intricate dynamic interactions with the interest-rate factors. Interest-rate factors both predict the default risk and have a contemporaneous impact on it.
Within each industry sector and credit rating class, we find that the average credit default swap spreads for the high-liquidity group are significantly higher than for the low-liquidity group. The mean term structure of credit spreads is also more upward sloping for the high-liquidity group. Estimation shows that the different spreads between the two groups are driven by both credit risk differences and liquidity differences.
On average, the low-liquidity group has lower default arrival rates, and hence a lower instantaneous credit spread. For each industry sector and credit rating class, we are able to identify a significant default-risk factor for the low-liquidity group. This risk factor shows strong risk-neutral persistence, indicating that it affects the term structure of credit spreads across both short and long maturities. We also identify a highly volatile but less persistent liquidity risk factor for the credit spreads on the low-liquidity group. This liquidity factor induces a strongly positive instantaneous spread on the discount factor, showing that lower liquidity induces a heavier discounting on the pricing as a compensation for liquidity premium. The lower credit risk and heavier liquidity discounting jointly determine the lower spread on the credit default swap contracts for the low-liquidity group in each industry sector and credit rating class.
The remainder of this paper is organized as follows. The next section provides some background information on the credit default swap contract and the related literature. Section 2 develops the dynamic term structure models of interest rates, credit risks, and liquidity premia. Section 3 describes the data set and our processing of the data. Section 4 elaborates on the estimation strategy. Section 5 discusses the estimation results. Section 6 concludes.
Background Information on Credit Default Swap Spread
The International Swaps and Derivatives Association, Inc. estimates the outstanding notional CDS amount at $0.92 trillion dollars by the end of 2001. Since then, the notional amount has more tnan tripled to $3.58 trillion by the end of 2003. This explosive development can be attributed to fours sets of players. The largest players in the CDS market are commercial banks. Traditionally, a bank's business involves credit risk since the bank originates loans to corporations. The CDS market offers a bank an attractive way to transfer the credit risk without removing assets from its balance sheet and without involving borrowers. Furthermore, a bank may use CDS contracts to diversify its portfolio, which often is concentrated in certain industries or On the other hand, insurance companies are increasingly becoming dominant participants in the CDS market, primarily as sellers of protection, to enhance investment yields. Globally, insurance companies had net sold positions of $137 billion in 2003. Other players include financial guarantors, who are also big sellers of protection, with net sold positions of $166 billion. Global hedge funds are also rumored to be active players in the CDS market, but their activities are notoriously opaque and are not detected on any survey's radar screen.
Sovereign names were prevalent as reference entities in the early days of the CDS market, but the share of sovereigns as reference entities had declined from over 50 percent in 1997 to less than 10 percent in 2003.
In contrast, corporate reference entities have become more common, accounting for over 70 percent of all reference entities in 2003. This shift in reference entities reflects the rapid growth of the corporate bond market after the mid-1990s.
The premium paid by the protection buyer to the seller, often called the"spread," is quoted in basis points per annum of the contract's notional value and is usually paid quarterly. These spreads are not the same type of concept as "yield spread" of a corporate bond to a government bond. Rather, CDS spreads are the annual price of protection quoted in basis points of the notional value, and not based on any risk-free bond or any benchmark interest rates. Periodic premium payments allow the protection buyer to deliver the defaulted bond at par or to receive the difference of par and the bond's recovery value. For example, the five-year credit default swap for Ford was quoted around 160 basis points on April 27, 2004. This quote means that if someone wants to buy the five-year protection for a $10 million exposure to Ford credit, the buyer will pay 40 basis points of the notational exposure, or $40,000, every quarter as an insurance premium for the protection that the buyer receives. There are no limits on the size or maturity of CDS contracts. However, most contracts fall between $10 million to $20 million in notional amount. Maturity usually ranges from one to ten years, with the five-year maturity being the most common maturity.
Given the nascent nature of the CDS contracts, researches using CDS data are relatively few. Skinner and Diaz (2003) look at early CDS prices from September 1997 to February 1999 for 31 CDS contracts.
They compare the pricing results of the Duffie and Singleton (1999) and Jarrow and Turnbull (1995) models. Blanco, Brennan, and Marsh (2004) compare the CDS spreads with credit spread derived from corporate bond yields and find that they match each other well. When the two sources of spreads deviation from each other, they find that CDS spreads have a clear lead in price discovery. In another related study, Longstaff, Mithal, and Neis (2004) regard the spread from the CDS prices as purely due to credit risk and use it as a benchmark to identify the liquidity component of the corporate yield spread. Similar to Blanco, Brennan, and Marsh, they find that the majority of the corporate spread is due to default spread. In addition to comparing bond spreads and CDS spreads, Hull, Predescu, and White (2004) examine the relation between the CDS spreads and announcements by rating agencies. Similar to these studies, we choose to use credit default swap data to estimate the default risk dynamics and default risk premium. Different from them, our work constitutes the first comprehensive study on the joint term structure of interest rates, credit spreads, and liquidity premia using the CDS data.
A Dynamic Term Structure Model of Interest, Default, and Liquidity
We value the credit default swap spread using the reduced-form framework of Duffie (1998) , Lando (1998) , Duffie and Singleton (1997) , Duffie and Singleton (1999) , and Duffie, Pedersen, and Singleton (2003) .
First, we use r t to denote the instantaneous benchmark interest rate. Historically, researchers often use the instantaneous riskfree rate as the benchmark. Houweling and Vorst (2003) perform daily calibration of reduced-form models using credit default swap spreads and find that swap rates are better suited than the Treasury yields in defining the benchmark yield curve. Here, we define the benchmark instantaneous interest rate based on the eurodollar libor and swap rates. Libor and swap rates contain a default risk component. Formally, let (Ω, F , (F t ) t≥0 , Q) be a complete stochastic basis and Q be a risk-neutral probability measure. Under this measure Q, the fair value of a benchmark zero-coupon bond with maturity τ relates to the instantaneous benchmark interest rate dynamics by,
where E [·] denotes the expectation operator under the risk-neutral measure Q. Our notation implicitly states our focus on time-homogeneous specifications.
Following Duffie (1998) , Lando (1998) , and Duffie and Singleton (1999) , we can represent the value of a defaultable coupon-bond in terms of the benchmark instantaneous interest rate r and the Poisson intensity λ of the default arrival:
where c denotes the coupon rate and (1 − w) denotes the recovery rate. For expositional clarity, we assume continuous coupon payments.
For a credit default swap contract, we use S to denote the premium paid by the buyer of default protection. Assuming continuous payment, we can write the present value of the premium leg of the contract,
Similarly, the present value of the protection leg of the contract is
Hence, by setting the present values of the two legs equal, we can solve for the credit default swap spread as
which can be thought of as the weighted average of the expected default loss. In model estimation, we discretize the above equation according to quarterly premium payment intervals. For the credit default swap contracts that we have, w is fixed at 40 percent, which is the average recovery rate for senior unsecured debts.
For an inactively traded credit default swap contract, the premium could potentially include a liquidity component. Duffie, Pedersen, and Singleton (2003) show that this liquidity component can also be modeled via an instantaneous liquidity premium spread, q.
Under this framework, the benchmark libor and swap rate curve is determined by the instantaneous benchmark interest rate (r) dynamics. The credit default swap spreads are determined by the joint dynamics of instantaneous benchmark interest rate r and the Poisson arrival rate λ. Furthermore, when the credit default swap contract is illiquid, the spreads may also include a liquidity premium that is controlled by the dynamics of the instantaneous liquidity premium spread q. We specify the three sets of dynamics in the following subsections.
Benchmark interest rate dynamics and the term structure
We use X ∈ R 2 to denote a two-dimensional vector Markov process that represents the systematic state of the benchmark yield curve. We assume that under the risk-neutral measure Q, the state vector is governed by a pure-diffusion Ornstein-Uhlenbeck (OU) process,
where κ ∈ R 2×2 controls the mean reversion of the vector process and κ −1 x θ x ∈ R 2 controls the long-run mean. For the OU process to be stationary, the real part of the eigenvalues of κ must be positive. For identification reasons, we normalize the state vector to have identity diffusion matrix. We also constrain κ to be a lower triangular matrix. Then, the diagonal values of the κ matrix correspond to its eigenvalues. To maintain stationarity, we constrain the diagonal values of κ x to be positive in our estimation.
We further assume that the instantaneous benchmark interest rate r is affine in the state vector X,
where the parameter a r ∈ R is a scalar and b r ∈ R 2+ is a vector.
Our specifications in (7) and (8) belong to the affine class of term structure models of Duffie and Kan (1996) and Duffie, Pan, and Singleton (2000) . The model-implied fair value of the zero-coupon bond with maturity τ is exponential affine in the current level of the state vector, X 0 ,
where the coefficients a(τ) and b(τ) are determined by the following ordinary differential equations:
subject to the boundary conditions b(0) = 0 and c(0) = 0.
Default risk dynamics and the term structure of CDS spreads
We assume that the Poisson arrival rate of default λ i underlying each industry sector and credit rating class i is governed by a vector of interest-rate factors X and default-risk factors Y ∈ R k :
where b i ∈ R 2 denotes the instantaneous response of the arrival rate λ to the two benchmark interest-rate factors X, and c i ∈ R k+ denotes the instantaneous response to the default-risk factors Y . By allowing the default arrival intensity to be an explicit function of the benchmark interest rate factors, our model specification captures the empirical evidence that credit spreads are related to interest rate levels (e.g., Collin-Dufresne, Goldstein, and Martin (2001)). For model estimation, we consider both a one-factor and a two factor structure of the default risk factors k = 1, 2 and compare their relative performances.
The dynamics of the default risk factors under the risk-neutral measure Q follow,
where the benchmark interest-rate factors X t are also allowed to have a direct feedback effect on the default risk factor through κ xy ∈ R 2×k . Thus, interest rate factors both have an contemporaneous effect on default risk and predict default risk. For identification, we again normalize the instantaneous covariance to an identity matrix. In the two-factor specification, we further constrain κ y to be a lower-triangular matrix with positive diagonal values.
Given this compact specification, the present value of the premium leg of the credit default swap contract becomes,
with a Z = a r + a i and
The solution is exponential affine in the state vector Z 0 ,
where the coefficients a(t) and b(t) are determined by the following ordinary differential equations:
The value of the protection leg becomes,
where the coefficients [a(t), b(t)] are determined by the ordinary differential equations in (16) and the coef-
are determined by the following ordinary differential equations:
with c(0) = c Z and
The credit default swap spread can then be solved as,
Liquidity risk and the term structure of liquidity risk premium
For each credit rating and industry group i, we divide the firms into two subgroups based on the frequency of quote updates. We first estimate the above default risk factors to the credit spreads of the high-liquidity group, and then ask whether the difference in credit spreads for the low-liquidity group is due to different credit risk, liquidity risk, or both.
To answer this question, we introduce an idiosyncratic credit risk spread (m i t ) and an idiosyncratic liquidity risk premium (q i t ), with the following risk-neutral dynamics,
Then, we can expand the definition of the state vector
The solution to the premium on this credit default swap spread has the same form as in (20), with the following redefinitions:
Market prices of risks
Our estimation identifies both the risk-neutral and the statistical dynamics of the interest-rate, credit-risk, and liquidity risk factors. To derive the statistical dynamics, we assume an affine market price of risk on all the risk factors,
with γ 0 and γ 1 are both vectors of the relevant dimension and · denotes a diagonal matrix, with the diagonal elements given by the vector inside. The affine market price of risk specification dictates that the state vector Z t remains Ornstein-Uhlenbeck under the statistical measure P, but with an adjustment to the drift term,
For stationarity, we also constrain the diagonal elements of κ P to be positive. For identification, we normalize the long-run mean of the state vector Z to zero under the statistical measure P so that θ = −γ 0 .
Positivity of interest rates and credit spreads: An alternative quadratic specification
The above specification assumes a Gaussian-affine structure for both the benchmark interest rates and the credit spreads. Therefore, both interest rates and credit spreads can become negative with positive probability. To guarantee positivity of interest rates and credit spreads, we also consider an alternative quadratic functional form for the instantaneous interest rate and credit spread, whiling maintaining the same number of parameters:
According to Leippold and Wu (2002) , the benchmark zero-coupon bond price becomes exponential quadratic in the state vector,
with the coefficients solving the following ordinary differential equations,
Analogously, we can derive the credit default swap premium as
with the coefficients solving the following ordinary differential equations:
vector of zeros, which will become nonzero in the presence of linear liquidity or credit risk factors. The details of the derivation are available upon request.
Since the signs of the idiosyncratic credit risk premium (m t ) and the idiosyncratic liquidity premium (q t ) can be either negative or positive, it is appropriate to maintain the original Gaussian affine assumption on both. In the presence of these two risk factors, the pricing formula for the credit default swap retains the same form as in (28), only with a corresponding expansion on the state vector
and the following redefinitions on the coefficients:
Data and Evidence
The CDS data are from JP Morgan Chase. They are daily CDS spread quotes on seven fixed maturities at one, two, three, four, five, seven, and ten years from May 2003 to May 2004 (256 business days) on each reference company. We obtain the credit rating information on each reference company from Standard & Poors, and its sector information from Reuters, publicly available on Yahoo.
We apply several filters to the data. First, we exclude the reference entities that we cannot find credit rating information on. Second, we exclude companies whose credit rating has migrated during our sample period. Third, we include only investment grade companies. Furthermore, we exclude AA and AAA companies because they fail to meet our liquidity standards as described below. These filters leave us with 157 reference companies. We classify the remaining reference companies based on (i) two broad industry classifications: financial and corporate and (ii) two broad credit rating groups: A (including A+ and A-) and BBB (including BBB+ and BBB-).
The credit default swap spreads differ dramatically in liquidity across different reference entities. Within each sector and credit rating class, active quote updates are concentrated on only a few firms. To compare the quoting activity on each firm, we first expand the quote series into daily frequency by filling missing data points with previously available quotes. Then, we take daily differences. If the quotes are not updated between two consecutive days, the daily differences would be zero. Thus, we use the number of days that have non-zero daily quote differences to capture the quote updating frequency. Table 1 provides the summary statistics on the quote updating frequency at different industry sectors and credit rating classes.
Each reference firm underlies seven credit default swap series at the seven fixed maturities. We compute the total number of active quote updates on all seven series for each firm. Our sample period includes 256 business days. The average of the median updating frequency across all seven series is 278 times, roughly about one update on the seven series per day, or one update on each series per seven business days. The most active firm has 938 updates, about one update on each series every two days. The least active only have 11
updates across the whole sample period.
Within each industry sector and credit rating class, we divide the data into two groups, with high and low liquidity, respectively. We classify a firm into the high-liquidity group if the spread quotes on the firm have no fewer than 364 total updates, corresponding an average of one update per week. Then, at each date and maturity, we average the spread quotes across the high-liquidity firms within each industry sector and credit rating class. We estimate the credit risk dynamics using the time series of these average high-liquidity credit default swap spreads on the seven maturities.
The rest firms are classified into the low liquidity group. To investigate the impact of liquidity on the term structure of credit spreads, we also average the quotes among the low-liquidity firms at each date, maturity, industry sector, and credit rating class. Nevertheless, quotes with very few updates are unlikely to be informative. Hence, for the low-liquidity group, we average across firms that have at least 182 quote updates, corresponding to an average updating frequency of at least once every two weeks. Within each industry sector, spreads on the BBB rating class are much higher than the corresponding A group, due to the higher default probabilities. The seven maturity series under the BBB rating class are also closer to one another than the corresponding series under the A rating class, implying a flatter term structure for the higher credit rating class. Within the same industry sector and credit rating class, high-liquidity firms have markedly higher CDS spreads on low-liquidity firms. Table 2 reports the summary statistics of the average credit swap spread series at the seven fixed maturities under each industry sector, credit rating class, and liquidity group. The mean spreads are higher at longer maturities and hence show upward sloping term structures in all groups. Within each sector and rating class, the high-liquidity groups generates much higher mean spreads than the low-liquidity group. The differences are especially large in the financial sector, where the mean spreads on the high-liquidity groups approximately double the mean spreads on the corresponding low-liquidity groups. Across the two credit rating classes, the mean spreads are larger for the BBB class than for the A class. The differences are again larger for the financial sector than for the corporate sector.
The term structure of the standard deviation is upward sloping for the financial sector and A rating class, but shows a hump-shape for all other groups. The skewness estimates are mostly positive, but the excess kurtosis estimates are mostly small. The daily autocorrelation estimates are between 0.96 to 0.99, showing that the spreads are persistent, albeit less so than the benchmark interest rates.
To obtain the benchmark libor interest rate dynamics, we also download from Bloomberg the U.S. dollar libor and swap rates that match the maturity and sample period of the credit default swap spreads data.
Estimation Strategy
We estimate the dynamics of benchmark interest-rate risk, credit risk, and liquidity risk in three consecutive steps, all using quasi-maximum likelihood method. At each step, we cast the models into a state-space form, obtain efficient forecasts on the conditional mean and variance of observed interest rates and credit default swap spreads using an efficient filtering technique, and build the likelihood function on the forecasting errors of the observed series, assuming that the forecasting errors are normally distributed. The model parameters are estimated by maximizing the likelihood function.
In the first step, we estimate the interest-rate factor dynamics using libor and swap rates. In the statespace form, we regard the two interest-rate factors (X) as the unobservable states and specify the statepropagation equation using an Euler approximation of statistical dynamics of the interest-rate factors embedded in equation (24):
where Φ x = exp(−κ P x ∆t) denotes the autocorrelation matrix of X, Q x = I∆t denotes the instantaneous covariance matrix of X, with I denoting an identity matrix of the relevant dimension and ∆t = 1/252 denoting the daily frequency, and ε xt denotes a two-dimensional i.i.d. standard normal innovation vector. The measurement equations are constructed based on the observed libor and swap rates, assuming additive, normally-distributed measurement errors, 
In the second step, we take the estimated interest-rate factor dynamics in the first step as given, and estimate the credit-risk factor dynamics (Y ) at each industry sector and credit rating class using the seven average credit default swap spread series for the high-liquidity groups. In the state-space form, we specify the state-propagation equation using an Euler approximation of statistical dynamics of the credit-risk factors embedded in equation (24):
with Φ y = exp(−κ P y ∆t), Q y = I∆t, and ε yt being a k-dimensional i.i.d. standard normal innovation vector.
We estimate models with both k = 1 and k = 2. The measurement equations are defined on the seven credit default swap spreads,
where i = 1, 2, 3, 4 denotes the ith industry sector and credit rating class. We repeat this step of each of four industry and credit rating classes.
In the third step, we estimate the idiosyncratic credit risk and liquidity risk dynamics for each industry sector and credit rating class using the average credit default spreads on the low-liquidity firms. The statepropagation equation is defined based on an Euler approximation of the idiosyncratic credit and liquidity risk dynamics in (21) and (22):
with Φ q = exp(−κ P m ∆t), exp(−κ P q ∆t) , Q q = I∆t, and ε qt being a two-dimensional i.i.d. standard normal innovation vector. The measurement equations are defined on the seven average credit default swap spreads on the low-liquidity firms,
cov(e t ) = R , τ = 1, 2, 3, 4, 5, 7, 10 years.
We repeat this step on each of four industry sector and credit rating classes.
Given the definition of the state-propagation equation and measurement equations at each step, we use an extended version of the Kalman filter to filter out the mean and covariance matrix of the state variables conditional on the observed series, and construct predictive mean and covariance matrix of the observed series based on the filtered state variables. Then, we define the daily log likelihood function assuming normal forecasting errors on the observed series:
where y and V denote the conditional mean and variance forecasts on the observed series, respectively.
The model parameters, Θ, are then estimated by maximizing log likelihood of the data series, which is a summation of the daily log likelihood values,
where N = 256 denotes the number of observations for each series. For each step, we further assume that the measurement errors on each series are independent but with distinct variance.
We estimate both affine and quadratic models for the term structure of benchmark interest rates and credit spreads. The state dynamics are the same under both specifications. Hence, the state-propagation equations are the same for both model estimation. What differs is in the measurement equations since the two types of specifications generate different function forms for libor, swap rates, and credit default swap spreads as functions of the state variables.
The Pricing of Interest-Rate, Credit, and Liquidity Risks
First, we first summarize the performance of the different dynamic term structure models in pricing interest rates and credit default swap spreads. Then, from the estimated model parameters we discuss the dynamics and pricing of benchmark interest-rate risk, credit risk, and liquidity risk. Table 3 reports the summary statistics on the pricing errors of libor and swap rates under the two-factor affine and quadratic model specifications. The affine model explains the swap rates well, but fails miserably in explaining the 12-month libor. The discrepancy between libor and swap rates is well known in the industry.
Model performance comparisons
Nevertheless, the very poor performance reveals some deficiency of the two-factor affine specification. In contrast, the quadratic model performs much better on the libor series. Its performance across the six swap rates is also more uniform. Thus, the richer, nonlinear dynamic specification of the quadratic model captures the joint term structure of the libor and swap rates better.
The maximized log likelihood values (L ) are 5067.1 for the affine model and 5229.7 for the quadratic model, also indicating superior performance from the quadratic model. Since these two models are not nested, we cannot employ the standard likelihood ratio tests to gauge the significance of the likelihood difference. Nevertheless, we follow Vuong (1989) in constructing a statistic based on the difference between the daily log likelihood values from the two non-nested models:
where l Q t andl A t denote the time-t log likelihood value of the quadratic and affine models, respectively. Vuong constructs a statistic based on the likelihood ratio:
where µ lr and σ lr denote the sample mean and standard deviation of the log likelihood ratio. Under the null hypothesis that the two models are equivalent, Vuong proves that M has an asymptotic normal distribution with zero mean and unit variance. We construct the log likelihood ratio, and estimate the sample mean at 0.6352, and sample standard deviation at 3.0054. The standard deviation calculation adjusts for serial dependence according to Newey and West (1987) , with the number of lags chosen optimally according to Andrews (1991) based on an AR(1) specification. The M -statistic is estimated at 3.38, indicating that the quadratic model performs significantly better than the affine model in explaining the benchmark libor term structure. Table 4 reports the summary statistics of the pricing errors of the credit default swap spreads on the high-liquidity firms using one credit risk factor for both the affine and the quadratic specifications. The affine model provides an almost perfect fit for the four-year CDS spread, but the performance deteriorates at both short (one year) and long (ten year) maturities. In contrast, the performance of the quadratic specification is more uniform across different maturities. Under the quadratic specification, one credit risk factor, together with the previously identified two benchmark interest-rate factors, can explain all CDS spread series by over 90 percent. The one-factor quadratic model also generates higher likelihood values than the corresponding affine model for each of the four industry sector and credit rating classes, but the differences are not statistically significant in terms of the Vuong (1989) statistic.
For comparison, we also estimate models with two credit-risk factors. Table 5 reports the summary statistics of the pricing errors. Adding one additional credit risk factor significantly improves the performance of the affine model at the two ends of the CDS term structure. Two affine factors explain over 98 percent of the credit spread variations except for one series. With the quadratic specification, since one credit risk factor performs reasonably well, adding another credit risk factor does not generate as much improvement. Furthermore, with two credit-risk factors, the maximized likelihood values from the affine and quadratic specifications are close to one another. The quadratic specification no longer dominates the affine specification. In a sense, an extra factor in the affine model can play the richer dynamics of the quadratic model.
In the last step, to account for the idiosyncratic movements of the credit spreads for the low-liquidity firms, we introduce an idiosyncratic credit risk factor and a liquidity factor in addition to the two benchmark interest rate factors and the two credit risk factors identified from the spreads on high-liquidity firms. Table 6 reports the summary statistics of the pricing errors. These two additional factors can explain most of the idiosyncratic variation in the low-liquidity groups. Most series can be explained over 95 percent.
Overall, two interest-rate factors, especially in the quadratic forms, can explain the term structure of the benchmark interest rates well. Two additional credit-risk factors are more than enough to explain the term structure of credit spreads for high-liquidity firms under each industry sector and rating class. Finally, by incorporating an additional credit risk factor and a liquidity risk factor, the model also performs well in explaining the term structure of credit spreads on low-liquidity firms Table 7 reports the first-stage parameter estimates and the absolute magnitudes of the t-statistics (in parentheses) that define the dynamics and term structure of the benchmark libor interest rates. Under both affine and the quadratic specifications, κ x determines the mean-reversion of the interest-rate factor X under the risk-neutral measure Q. The small estimates on the diagonal elements of κ x capture the persistence of interest rates. The negative estimates on the off-diagonal element suggest that positive shocks on the first factor predicts larger values on the second factor.
Dynamics and term structure of the benchmark libor interest rates
The estimates for the constant part of the market price of risk γ x0 are negative for both factors under the affine model. Under the quadratic model, the market price is positive on the first factor and negative on the second factor. The proportional coefficients estimates, γ x1 , are small and not statistically different from zero for both factors under the affine specification, indicating that the market price of risk does not vary significantly with the factor level. The estimates under the quadratic model are also small and only statistically significant for the first factor.
Under both models, the b r estimates show that the second factor loads more heavily on the instantaneous benchmark interest rate. These instantaneous loading coefficients interact with the risk-neutral factor dynamics (κ) to determine the response of the whole yield curve to unit shocks from the interest-rate factors.
Under the affine model, the contemporaneous responses of the continuously compounded spot rate to the two dynamic factors are linear, with b(τ)/τ measuring the response coefficients. Equation (9) Under the affine model, the first factor is estimated to be more persistent than the second factor. Hence, its impact extends to longer maturities.
[ Figure 3 about here.] Tables 8 and 9 report the parameter estimates and t-statistics on the default arrival dynamics, market pricing, and their impacts on the term structure of credit spreads at each industry sector and credit rating class.
Default arrival dynamics and the term structure of credit spreads
Tables 8 reports estimates on the one-factor credit risk specifications. Tables 9 reports estimates on the two-factor credit risk specifications. From the two tables, we draw the follow common observations. First, the default risk dynamics and pricing differ across different industry sectors and credit rating classes. Nevertheless, in all cases, the default risk dynamics show intricate dynamic interactions with the interest-rate factors. The κ xy matrix captures the predictive power of interest-rate factors on the default risk factors, whereas the b i vector captures the contemporaneous loading of the interest-rate factors on the default arrival λ i . Estimates on both sets of parameters are significant in most cases, indicating that the interest-rate factors both predict default arrivals via the drift dynamics κ xy and impact the default arrivals contemporaneously via the loading coefficients b i .
Second, the estimates on κ y under the one-factor affine model are very small and not significantly different from zero. Under the two-factor affine specification, the estimates for one of the diagonal elements of κ y are close to zero. The small estimates indicate a near unit root behavior for the credit risk dynamics.
However, the corresponding estimates are larger and also with better precision (larger t-values) under the quadratic specifications. Thus, with a nonlinear structure under the quadratic model, we can more accurately identify a more stationary credit-risk dynamics, while delivering a uniformly well pricing performance on CDS spreads across all maturities.
Although the quadratic models deliver better and more uniform performance, the affine models provide a linear and hence easier-to-interpret relation between factors and credit spreads. In Figure 4 , we plot the contemporaneous loading of the two default risk factors on the continuously compounded spot rate at each industry sector and credit rating group, as captured by the third and four elements of b i (τ)/τ for the ith sector and rating class. Since the default risk factors do not enter the benchmark libor curve, the loading also directly measures the impact on the credit spread between the corporate spot rate and the libor spot rate.
The solid line denotes the first credit risk factor and the dashed line the second credit risk factor.
[ Figure 4 about here.]
Overall, both factor loadings are downward sloping under all four industry/rating classifications. And yet, a noticeable difference shows up between the financial and corporate sectors. First, the factor loadings in the financial sector present an exponential decay while in the corporate sector they are more or less linear.
Second, the loading differences between the two rating classes are much larger for the financial firms than for non-financial firms, suggesting that financial firms are more sensitive to rating changes between A and BBB classes. A lower rating generates dramatically larger spreads for the financial firms.
Liquidity and liquidity premiums
The liquidity of the CDS contracts, as revealed by the quote updating frequency, varies greatly across different reference firms. Within each industry sector and credit rating class, the liquidity is concentrated on a few
firms. An important question is what makes investors to concentrate the trading on one firm versus another.
Also important is to understand whether and how liquidity impacts the pricing of the CDS contracts. Table 10 reports the parameter estimates and t-statistics (in parentheses) on the idiosyncratic credit risk and liquidity factors that account for the idiosyncratic movements of the CDS spreads on the lowliquidity firms. First, the loading parameter estimates on the idiosyncratic credit risk factor (c m ) are strongly significant, showing that the default arrival rates for firms in the low-liquidity groups do have idiosyncratic movements that are independent of the default arrival dynamics identified from the high-liquidity group within the same industry sector and credit rating class.
Second, the estimates on the intercept a m are negative under all four industry sector and credit rating classes. These negative estimates suggest that firms in the low-liquidity group on average have lower default risk and hence experience lower instantaneous credit spreads than firms in the corresponding high-liquidity group. This observation is intriguing and implies that, within the same industry and credit rating class, firms with active CDS trading activities are associated with higher perceived credit risk than firms with less active CDS trading activities. Either investors choose to trade CDS contracts on firms that they perceive to have higher chances of downward rating migrations, or high-profile firms generate more awareness of its potential default risk.
The instantaneous loading estimates on the liquidity risk factor (b q ) are large in magnitudes and also highly significant, showing that liquidity plays a key role in the credit spread differences between the two liquidity groups. The intercept estimates on a q are all positive, suggesting a higher discounting for the low-liquidity contracts. Thus, the lower average CDS spreads on low-liquidity firms can be attributed to a combination of low credit risk and high liquidity discounting.
The estimates on κ m , which measures the risk-neutral mean-reverting behavior of the idiosyncratic default risk factor, are very small, suggesting that the idiosyncratic credit risk factor has highly persistent risk-neutral dynamics and hence impacts the term structure of credit spreads almost linearly across maturities. Furthermore, the estimates for γ m0 are all negative, and in several cases significantly so, implying that this idiosyncratic credit risk has a negative market price of risk. Given the normalization of the statistical dynamics, the negative market price of risk implies a positive risk-neutral drift (θ) for the credit risk factor. As suggested by the ordinary differential equations in (16), a positive θ for the credit risk factor helps generate an upward sloping mean term structure of credit spreads.
The dynamics and pricing of the liquidity risk factor are dramatically different. The estimates on the risk-neutral mean-reversion parameter κ q for the liquidity factor are larger than the estimates for κ m and are all strongly significant, suggesting that the liquidity risk factor has a more stationary impact on the term structure of CDS spreads. Furthermore, the estimates on the pricing of the liquidity risk (γ q0 ) are mostly positive and significant, especially for non-financial firms. Contrary to the negative market price on the credit risk factor, positive market prices on the liquidity risk factor make the term structure less upward sloping, and hence explains the flatter term structure of CDS spreads for low-liquidity firms. Figure 5 shows the difference between the two factors in terms of their impacts on the spot rate curve of the low-liquidity firms. The impacts of the default risk factor are in the left panels. They are flat across maturities. The loadings are larger for BBB rating than for A rating firms, and the difference is especially large for financial firms, suggesting again that the financial firms are more sensitive to rating changes between A to BBB rating classes.
[ Figure 5 about here.]
The loadings of the liquidity factor show quite different patterns. The loading are very high at short maturities, but the impacts decline quickly as maturity increases, generating a strongly downward sloping pattern. Also interestingly, the liquidity factor loadings on financial firms are also more sensitive to rating changes than non-financial firms.
Overall, our estimation suggests that the lower mean CDS spreads for low-liquidity firms can be attributed to two separate driving forces. First, the market regards low-liquidity firms as having less default risk. Second, the market discounts the value of low-liquidity contracts more heavily. On the other hand, the flatter mean term structure for low-liquidity firms is mainly due to the positive pricing of the liquidity risk for CDS contracts.
Conclusion
Using a large data set on CDS spread quotes, we perform a joint analysis of the term structure of interest rates, credit spreads, and liquidity premia. Our construction and estimation of several dynamic term structure models suggest that quadratic models perform better and more uniformly across the term structure of interest rates and credit spreads than affine models. We also find that default risk dynamics differ across different industry sectors and credit rating groups, but in all cases they show intricate interactions with the interest-rate dynamics. Specifically, we find that financial firms are more sensitive to rating changes than non-financial firms.
Our estimation also suggests that within the same industry sector and credit rating class, firms with active CDS trading activities tend to also have higher credit risks than firms with low CDS trading activities.
Finally, low-liquidity firms induce heavier discounting on the yield curve and generate lower CDS spreads.
Positive market pricing on the liquidity risk further renders the mean term structure of CDS spreads flatter on low-liquidity firms.
Vuong, Q. H., 1989, "Likelihood Ratio Tests for Model Selection and Non-Nested Hypotheses," Econometrica, 57(2), 307-333. 
Summary Statistics of the Quote Updating Frequency on Credit Default Swap Spreads
Entries report the number of firms within each sector and credit rating class, as well as summary statistics (Median, Maximum, Minimum) on the quote updating frequency. We take daily differences on the quotes of each series and define the updating frequency as the number of days that the daily differences are nonzero, and hence the quotes are updated, for the seven series on each firm. Table 3 Summary statistics of pricing errors on the libor and swap rates Entries report the summary statistics of the pricing errors on the U.S. dollar libor and swap rates under the two-factor Gaussian affine model (left hand side under "Affine") and the two-factor Gaussian quadratic model (left hand side under "Quadratic"). We estimate both models by using quasi-maximum likelihood method joint with unscented Kalman filter. We define the pricing error as the difference between the observed interest rate quotes and the model-implied fair values, in basis points. The columns titled Mean, Std, Auto, Max, and VR denote, respectively, the sample mean, the standard deviation, the first-order autocorrelation, the maximum absolute error, and the explained percentage variance, defined as one minus the ratio of pricing error variance to interest rate variance, in percentages. The last row reports the maximized log likelihood for each model. Table 4 Summary statistics of pricing errors on credit default swap spreads with one credit risk factor Entries report the summary statistics of the pricing errors on the credit default swap spreads under both affine and quadratic specifications. Both specifications use one credit risk factor to price the high-liquidity credit-default swap spread at each industry and credit rating class. We estimate both models by using quasi-maximum likelihood method joint with unscented Kalman filter. We define the pricing error as the difference between the spread quotes and the model-implied fair values, in basis points. The columns titled Mean, Std, Auto, Max, and VR denote, respectively, the sample mean, the standard deviation, the first-order autocorrelation, the maximum absolute error, and the explained percentage variance, defined as one minus the ratio of pricing error variance to interest rate variance. Table 5 Summary statistics of pricing errors on credit default swap spreads with two credit risk factor Entries report the summary statistics of the pricing errors on the credit default swap spreads under both affine and quadratic specifications. Both specifications use two credit risk factors to price the high-liquidity credit-default swap spread at each industry and credit rating class. We define the pricing error as the difference between the spread quotes and the model-implied fair values, in basis points. The columns titled Mean, Std, Auto, Max, and VR denote, respectively, the sample mean, the standard deviation, the first-order autocorrelation, the maximum absolute error, and the explained percentage variance, defined as one minus the ratio of pricing error variance to interest rate variance. Table 6 Summary statistics of pricing errors on the low-liquidity credit default swap spreads Entries report the summary statistics of the pricing errors on the low-liquidity credit default swap spreads. In addition to two interest rate factors and two credit risk factors that have been identified using the benchmark interest rates and the high-liquidity credit default swap spreads, we add one additional idiosyncratic credit risk factor and a liquidity risk factor to account for the credit spread movements in the low-liquidity groups.
We define the pricing error as the difference between the spread quotes and the model-implied fair values, in basis points. The columns titled Mean, Std, Auto, Max, and VR denote, respectively, the sample mean, the standard deviation, the first-order autocorrelation, the maximum absolute error, and the explained percentage variance, defined as one minus the ratio of pricing error variance to interest rate variance. Table 7 Dynamic and term structure of the benchmark libor interest rates Entries report the parameter estimates and the absolute magnitudes of the t-statistics (in parentheses) that determine the dynamics and term structure of the benchmark libor interest rates. The estimations are based on 12-month libor and swap rates of two, three, five, seven, and ten years, with quasi-maximum likelihood method. Table 8 One-factor default arrival dynamics and the term structure of credit spreads Entries report the second-stage parameter estimates and the absolute magnitudes of the t-statistics (in parentheses) that determine the one-factor default arrival dynamics and the term structure of credit spreads. The estimations are based on high-liquidity credit default swap spreads at each of the four industry and credit rating classes with quasi-maximum likelihood method. Two-factor default arrival dynamics and the term structure of credit spreads Entries report the second-stage parameter estimates and the absolute magnitudes of the t-statistics (in parentheses) that determine the two-factor default arrival dynamics and the term structure of credit spreads. The estimations are based on high-liquidity credit default swap spreads at each of the four industry and credit rating classes with quasi-maximum likelihood method. Benchmark interest rate factor loading. Solid line denotes the contemporaneous response of the continuously compounded benchmark spot rate to unit shocks from the first interest-rate factor. The dashed line plots the response to unit shocks from the second factor. The loadings are computed based on the estimated affine model of benchmark interest rate. Default risk factor loading. Solid lines denote the contemporaneous response of the continuously compounded corporate spot rate to unit shocks from the first default risk factor. The dashed line plots the response to unit shocks from the second default risk factor. The loadings are computed based on the parameter estimates of the two-factor affine model of default risk. Idiosyncratic default risk and liquidity risk factor loading. Lines in the left panel plot the contemporaneous response of the spot rate on the low-liquidity group to unit shocks from the idiosyncratic default risk factor. Lines in the right panel plot the response to unit shocks from the liquidity risk factor.
